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In this paper, we prove uniqueness in determining a sound-soft ball in inverse acoustic
scattering by the modulus of the far ﬁeld patterns. Since the modulus of the far ﬁeld
pattern is invariant under translation (Kress and Rundell, 1997 [6], Kwon and Seo, 2000
[7]), we can only reconstruct the shape of the obstacle but not the location. Assume
that the ball is centered at the origin. Under the condition that the ball is small, it is
uniquely determined by the modulus of a single far ﬁeld datum measured at a ﬁxed spot
corresponding to a single incident plane wave.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we are interested in a time-harmonic acoustic plane wave propagating in a homogeneous isotropic medium.
In the presence of an impenetrable obstacle D , the wave will be scattered leading to a scattered wave. The behavior of this
scattered wave will depend on the original incident wave, the nature of the obstacle and the fact that the scattered wave
itself is radiating. Every radiating wave is, in turn, characterized by its far ﬁeld pattern, that is, the behavior of the scattered
wave at large distance from the obstacle. Now, the direct problem, given the incident wave and the obstacle, is to ﬁnd such
a far ﬁeld pattern, whilst the inverse problem is to determine the shape and location of the obstacle from the measurements
of the far ﬁeld patterns.
The incident wave is given by the time-harmonic acoustic plane wave
ui(x,d) = eikx·d
where k = ω/c is the wave number, ω is the frequency, c is the speed of sound in the background medium and d is the
direction of propagation. The impenetrable obstacle D will be assumed to be a compact set in Rm (m = 2,3) with connected
complement G =Rm \ D , and the total ﬁeld will be expressed as the sum of the incident ﬁeld and the scattered ﬁeld. Then,
the total wave u = ui + us satisﬁes the Helmholtz equation
u + k2u = 0 in G. (1.1)
For a sound-soft obstacle the pressure of the total wave vanishes on the boundary, so the Dirichlet boundary condition
u = 0 on ∂D (1.2)
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Sommerfeld radiation condition
lim
r→∞ r
m−1
2
(
∂us
∂r
− ikus
)
= 0 (1.3)
uniformly in all directions x/|x|, where r = |x|. It physically implies that energy is transported to inﬁnity and it is an
important ingredient in ensuring that the physically correct solution of the scattering problem is selected. Moreover, it is
known that us has the following asymptotic representation
us(x,d) = e
ik|x|
|x|m−12
{
u∞( x̂,d) + O
(
1
|x|
)}
as |x| → ∞ (1.4)
uniformly for all directions x̂ := x/|x|, where the function u∞( x̂,d) deﬁned on the unit sphere Sm−1 is known as the far
ﬁeld pattern with x̂ and d denoting, respectively, the observation direction and the incident direction.
In practice, it is not always the case that information about the full far ﬁeld pattern is known, but instead only its
modulus might be given. Therefore, we are interested in the inverse problem described as follows:
Given the modulus |u∞| of the far ﬁeld pattern for one incident plane wave ui , determine the shape of the sound-soft
obstacle D .
An important question in this context is the uniqueness, that is, whether an obstacle can be uniquely determined by
a knowledge of modulus of the far ﬁeld pattern. However, for our inverse problem, to the authors’ knowledge, no such a
result is available. For the shifted domain Dh := {x + h: x ∈ D} with h ∈ Rm a ﬁxed unit vector, the far ﬁeld pattern u∞h
satisﬁes the equality [6,7]
u∞h ( x̂ ) = eikh·(d−̂x)u∞( x̂ ), (1.5)
that is, the modulus of the far ﬁeld pattern is invariant under translation. Therefore, only the shape rather than the location
may be uniquely determined by the modulus of the far ﬁeld pattern. As pointed out in [6], it is very diﬃcult to obtain an
analogue for Schiffer’s uniqueness result [2] since its proof heavily relies on the fact that, by Rellich’s lemma, the far ﬁeld
pattern u∞ uniquely determines the scattered wave us . Further, it was remarked in [4] that a corresponding result is not
available for the modulus of the far ﬁeld pattern, even with the translation invariance taken into account. Recently, some
eﬃcient numerical implementations [6,4,5] imply that shape reconstruction from the modulus of the far ﬁeld pattern is
possible.
Assume that we known in advance that the obstacle is a sound-soft ball centered at the origin. Then the ball is uniquely
determined by its radius. Under the condition that the ball is small, a single far ﬁeld datum is enough to uniquely determine
the ball [8]. This result has also been extended to inverse electromagnetic scattering [3]. However, from an information
matching point of view, it is clear that this is still an over-determined problem since the far ﬁeld pattern is complex-
valued while the radius is a real number. Thus it seems that the modulus of a single far ﬁeld datum is enough to uniquely
determine the sound-soft ball.
The tools we used are the properties of the Bessel and Neumann functions that will be proved in the next section.
Section 3 is devoted to the proof of the uniqueness result.
2. Bessel and Neumann functions
Denote by Jn(t) and Yn(t) the Bessel and Neumann functions of order n, respectively. Both fn = Jn and fn = Yn satisfy
the Bessel differential equation
t2 f ′′n (t) + 2t f ′n(t) +
[
t2 − n2] fn(t) = 0
and the recurrence relation
fn−1 − fn+1 = 2 f ′n. (2.1)
Besides, we have the Wronskian
Jn(t)Y
′
n(t) − J ′n(t)Yn(t) =
2
πt
. (2.2)
See [1,2] for more information on Bessel and Neumann functions.
Lemma 2.1. For the Bessel functions and their derivatives, we have
Jn(t) > 0 for t ∈ (0,2.40482556), n = 0,1,2, . . . ,
J ′0(t) < 0 for t ∈ (0,1.84118378),
J ′n(t) > 0 for t ∈ (0,1.84118378), n = 1,2, . . . .
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Yn(t) < 0 for t ∈ (0,0.89357697), n = 0,1,2, . . . ,
Y ′n(t) > 0 for t ∈ (0,2.19714132), n = 0,1,2, . . . .
The above lemma can be found or easily derived from [8]. For our uniqueness result, we need the following result.
Lemma 2.2. For t ∈ (0,0.23033078) we have Jn(t) + Yn(t) < 0, n = 0,1,2, . . . .
Proof. Let fn(t) = Jn(t) or Yn(t). Then, by Lemma 2.1 and the recurrence relation (2.1), it is derived that for t ∈
(0,1.84118378),
f0(t) > f2(t) > f4(t) > · · · > f2n(t) > f2n+2(t) > · · · ,
f1(t) > f3(t) > f5(t) > · · · > f2n+1(t) > f2n+3(t) > · · · .
Therefore, we have that for any t ∈ (0,1.84118378),
Jn(t) + Yn(t)max
{
J0(t) + Y0(t), J1(t) + Y1(t)
}
. (2.3)
A numerical computation using Matlab shows that the ﬁrst positive zero of J0(t)+ Y0(t) is 0.23033078. It then follows that
J0(t) + Y0(t) < 0, ∀t ∈ (0,0.23033078). (2.4)
By Lemma 2.1 it is seen that J1(t)+ Y1(t) is strictly monotonic increasing for t ∈ (0,1.84118378). A numerical computation
using Matlab gives that the ﬁrst positive zero of J1(t) + Y1(t) is 1.32889614. Thus we have
J1(t) + Y1(t) < 0, ∀t ∈ (0,1.32889614). (2.5)
From (2.3)–(2.5) the desired result follows. The lemma is thus proved. 
Denote by jn(t) and yn(t) the spherical Bessel and Neumann functions of order n, respectively. Both fn = jn and fn = yn
satisfy the spherical Bessel differential equation
t2 f ′′n (t) + 2t f ′n(t) +
[
t2 − n(n + 1)] fn(t) = 0, (2.6)
and the recurrence relations [1,2]
fn − n + 2
t
fn+1 = f ′n+1, (2.7)
n
t
fn − fn+1 = f ′n. (2.8)
We also have the Wronskian
jn(t)y
′
n(t) − j′n(t)yn(t) =
1
t2
. (2.9)
The ﬁrst few spherical Bessel and Neumann functions are given as
j0(t) = sin(t)
t
, j1(t) = sin(t)
t2
− cos(t)
t
, (2.10)
y0(t) = − cos(t)
t
, y1(t) = − cos(t)
t2
− sin(t)
t
. (2.11)
Lemma 2.3. For the spherical Bessel functions and their derivatives, we have
jn(t) > 0 for t ∈ (0,π), n = 0,1,2, . . . ,
j′0(t) < 0 for t ∈ (0,2.08157598),
j′n(t) > 0 for t ∈ (0,2.08157598), n = 1,2, . . . .
For the spherical Neumann functions and their derivatives, we have
yn(t) < 0 for t ∈ (0,π/2), n = 0,1,2, . . . ,
y′n(t) > 0 for t ∈ (0,2.79838605), n = 0,1,2, . . . .
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uniqueness result.
Lemma 2.4. For t ∈ (0,π/4) we have that jn(t) + yn(t) < 0, n = 0,1,2, . . . .
Proof. By Lemma 2.3 and the recurrence relation (2.7) it can be derived that for t ∈ (0,2),
jn(t) >
n + 2
t
jn+1(t) jn+1(t), n = 0,1,2, . . . , (2.12)
where use has been made of the fact that, by Lemma 2.3, jn(t) is positive in (0,π) for n = 0,1, . . . . Lemma 2.3 and the
recurrence relation (2.8) imply that for t ∈ (0,1),
yn+1(t) <
n
t
yn(t) < yn(t), n = 1,2, . . . , (2.13)
where we have used the fact that, by Lemma 2.3, yn(t) is negative in (0,π/2) for n = 1,2, . . . . Now, by the formula (2.11),
we have that for t ∈ (0,1),
y0(t) − y1(t) = (1− t) cos(t)
t2
+ sin(t)
t
> 0. (2.14)
Combining (2.10) with (2.12)–(2.14) gives that for n = 1,2, . . . ,
jn(t) + yn(t) < j0(t) + y0(t) = sin(t) − cos(t)
t
< 0, ∀t ∈ (0,π/4).
The proof is thus complete. 
3. Uniqueness for sound-soft balls centered at the origin
The scattered wave for a sound-soft circle BR ∈R2 corresponding to the incident plane wave ui = eikx·d is given by (see
(4.13) in [8]):
us(x) = − J0(kR)
H (1)0 (kR)
H (1)0
(
k|x|)− 2+∞∑
n=1
in
Jn(kR)
H (1)n (kR)
H (1)n
(
k|x|) cos(nθ), x ∈R2 \ BR ,
where θ =  ( x̂,d) and H(1)n = Jn + iYn is the ﬁrst kind Hankel function of order n. The corresponding far ﬁeld pattern is
given as follows (see (4.14) in [8]):
u∞( x̂, R,d,k) = −e−i π4
√
2
kπ
[
J0(kR)
H (1)0 (kR)
+ 2
+∞∑
n=1
Jn(kR)
H (1)n (kR)
cos(nθ)
]
. (3.1)
In R3, the scattered wave for a sound-soft ball BR corresponding to the incident plane wave ui = eikx·d is given by (see
(3.29) in [2] or (4.11) in [8]):
us(x) = −
+∞∑
n=0
in(2n + 1) jn(kR)
h(1)n (kR)
h(1)n
(
k|x|)Pn(cos(θ)), x ∈R3 \ BR ,
where Pn is the Legendre polynomials and h
(1)
n = jn + iyn is the ﬁrst kind spherical Hankel function of order n. The corre-
sponding far ﬁeld pattern is given as (see (3.30) in [2] or (4.12) in [8]):
u∞( x̂, R,d,k) = i
k
+∞∑
n=0
(2n + 1) jn(kR)
h1n(kR)
Pn
(
cos(θ)
)
. (3.2)
Theorem 3.1. The shape of a sound-soft ball in Rm is uniquely determined by the modulus |u∞(d, R,d,k)| of a single far ﬁeld pattern
datum if
0 < kR <
{
0.23033078, m = 2,
π/4, m = 3. (3.3)
X. Liu, B. Zhang / J. Math. Anal. Appl. 365 (2010) 619–624 623Proof. In the two-dimensional case, we have from (3.1) with θ =  (d,d) = 0 that
∣∣u∞(d, R,d,k)∣∣2 = 2
kπ
∣∣∣∣∣ J0(kR)H (1)0 (kR) + 2
+∞∑
n=1
Jn(kR)
H (1)n (kR)
∣∣∣∣∣
2
= 2
kπ
[(
λ0(t) + 2
+∞∑
n=1
λn(t)
)2
+
(
μ0(t) + 2
+∞∑
n=1
μn(t)
)2]
= 2
kπ
[
λ20(t) + 4
+∞∑
n,m=1
λn(t)λm(t) + 4λ0(t)
+∞∑
n=1
λn(t)
+ μ20(t) + 4
+∞∑
n,m=1
μn(t)μm(t) + 4μ0(t)
+∞∑
n=1
μn(t)
]
:= f (t)
with t = kR , where
λn(t) = J
2
n(t)
J2n(t) + Y 2n (t)
, μn(t) = Jn(t)Yn(t)
J2n(t) + Y 2n (t)
for n = 0,1,2, . . . . Note that
f ′(t) = 2λ0λ′0 + 8
+∞∑
n,m=1
λnλ
′
m + 4λ′0
+∞∑
n=1
λn + 4λ0
+∞∑
n=1
λ′n + 2μ0μ′0 + 8
+∞∑
n,m=1
μnμ
′
m + 4μ′0
+∞∑
n=1
μn + 4μ0
+∞∑
n=1
μ′n.
By Lemma 2.1 and the deﬁnition of λn , μn it follows that
λn(t) > 0, μn(t) < 0, t ∈ (0,0.89357697) (3.4)
for n = 0,1,2, . . . . By the Wronskian relation (2.2), it is found that
λ′n(t) =
2 Jn(t)Yn(t)[ J ′n(t)Yn(t) − Jn(t)Y ′n(t)]
[ J2n(t) + Y 2n (t)]2
= − 4
πt
Jn(t)Yn(t)
[ J2n(t) + Y 2n (t)]2
,
μ′n(t) =
(Y 2n (t) − J2n(t))[ J ′n(t)Yn(t) − Jn(t)Y ′n(t)]
[ J2n(t) + Y 2n (t)]2
= 2
πt
J2n(t) − Y 2n (t)
[ J2n(t) + Y 2n (t)]2
for n = 0,1,2, . . . . By Lemmas 2.1 and 2.2 we conclude that
λ′n(t) > 0, μ′n(t) < 0, t ∈ (0,0.23033078)
for n = 0,1,2, . . . . This, together with (3.4), implies that f ′(t) > 0 for t ∈ (0,0.23033078). Therefore, f (t) or |u∞(d, R,d,k)|2
is strictly monotonically increasing for t ∈ (0,0.23033078). Thus, the radius R , that is, the shape of the ball, can be uniquely
determined by the modulus |u∞(d, R,d,k)| of the far ﬁeld pattern.
In the three-dimensional case, we have from (3.2) with θ =  (d,d) = 0 and Pn(1) = 1 for n 0 (see [2]) that
∣∣u∞(d, R,d,k)∣∣2 = 1
k2
∣∣∣∣∣
+∞∑
n=0
(2n + 1) jn(kR)
h(1)n (kR)
∣∣∣∣∣
2
= 1
k2
+∞∑
n,m=0
(2n + 1)(2m + 1)[αn(t)αm(t) + βn(t)βm(t)] := 1
k2
g(t)
with t = kR , where
αn(t) = j
2
n(t)
j2n(t) + y2n(t)
, βn(t) = jn(t)yn(t)
j2n(t) + y2n(t)
, n = 0,1,2, . . . .
Note that
g′(t) = 2
+∞∑
n,m=0
(2n + 1)(2m + 1)[α′n(t)αm(t) + β ′n(t)βm(t)].
Now, Lemma 2.3 and the deﬁnition of αn , βn imply that
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for n = 0,1,2, . . . . By the Wronskian relation (2.9) we obtain that
α′n(t) =
2 jn(t) jn(t)[ j′n(t)yn(t) − jn(t)y′n(t)]
[ j2n(t) + y2n(t)]2
= − 2
t2
jn(t)yn(t)
[ j2n(t) + y2n(t)]2
,
β ′n(t) =
(y2n(t) − j2n(t))[ j′n(t)yn(t) − jn(t)y′n(t)]
[ j2n(t) + y2n(t)]2
= 1
t2
j2n(t) − y2n(t)
[ j2n(t) + y2n(t)]2
for n = 0,1,2, . . . . Thus we have from Lemmas 2.3 and 2.4 that
α′n(t) > 0, β ′n(t) < 0, t ∈ (0,π/4)
for n = 0,1,2, . . . . This, together with (3.5), implies that for t ∈ (0,π/4) the function g′(t) > 0, so g(t) or |u∞(d, R,d,k)|2 is
strictly monotonically increasing. Hence, the radius R or the shape of the ball can be uniquely determined by the modulus
|u∞(d, R,d,k)| of the far ﬁeld pattern. The proof is thus complete. 
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